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Abstract

Titanium and its alloys are widely used in fields such as aerospace and
biomedical applications due to their exceptional performance. However,
when exposed to hydrogen-rich environments, titanium alloys can undergo
hydride precipitation, a process that is significantly enhanced by applied
mechanical stress. This leads to the formation of brittle titanium hydride
that causes severe fractures and thus threatens safety, especially when hy-
drides accumulate around crack tips. Conducting realistic experiments to
study this problem is expensive and time-consuming; therefore, computa-
tional simulation serves as an ideal complement to address this problem.

The objective of this thesis is to develop a computational engineering tool
to model stress-induced titanium hydride formation at a crack tip in the
lamellar microstructure of the Ti-6Al-4V alloy. This work extends the
stress-induced hydride precipitation studies conducted by Dr. Claudio F.
Nigro, who investigated hydride evolution across a range of engineering
metals and alloys. By examining microstructural regions such as grain
boundaries, crack tips and �/� interfaces, Nigro established the engineer-
ing framework for computational studies of hydrogen-induced phase trans-
formations. The theoretical model of this study is based on phase-field
equations, which describe the spatio-temporal evolution of the titanium
hydride phase. The computational implementation employs a finite vol-
ume method as the numerical approach.

The results of the case studies demonstrate that hydride formation pref-
erentially occurs in �-titanium near the crack tip and that the evolution
of hydrides exhibits strong numerical stability, consistently converging to a
steady state. Another major finding is that the computational model effi-
ciently captures the dominant effect of the stress intensity factor on hydride
formation, confirming the robustness of the coupled mechanical phase-field
formulation. Furthermore, the introduction of lamellar anisotropy under
rotation demonstrates that the model remains convergent, demonstrating
its capability to predict stress-induced hydride formation in titanium alloys
even when accounting for complex crystallographic orientations.

The findings of this thesis provide a foundation for future studies on more
complex Ti-6Al-4V microstructures, where the model can be extended to
investigate hydrogen interactions under varying conditions and material
parameters.

Keywords: Hydrogen embrittlement, titanium hydride, crack, phase �eld
theory, stress-induced phase transformation, microstructure, �nite volume
method
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Sammanfattning

Titan och dess legeringar används i stor utsträckning inom omr̊aden som
flyg- och rymdteknik samt biomedicinska tillämpningar, p̊a grund av deras
exceptionella prestanda. När titanlegeringar exponeras för väterika miljöer
kan hydridfällning uppst̊a, en process som förstärks betydligt av p̊alagd
mekanisk spänning. Detta kan leda till bildning av spröda titanhydrider
som orsakar allvarliga sprickbildningsfenomen och därmed utgör en säker-
hetsrisk, särskilt när hydrider ackumuleras i närheten av sprickspetsar. Att
genomföra realistiska experimentella studier av detta fenomen är kostsamt
och tidskrävande; därför utgör beräkningsbaserade metoder ett effektivt
komplement för att studera problemet.

Syftet med denna avhandling är att utveckla ett ingenjörsmässigt beräkn-
ingsverktyg för att modellera spänningsinducerad bildning av titanhydrid
vid en sprickspets i den lamellära mikrostrukturen hos Ti-6Al-4V-legeringen.
Detta arbete är en fortsättning p̊a de studier av spänningsinducerad hy-
dridutfällning som utförts av Dr. Claudio F. Nigro, vars forskning omfat-
tade hydridutveckling i olika tekniska metaller och legeringar i mikrostruk-
turella regioner, inklusive korngränser, sprickspetsar och �/�-gränsytor.
Dessa studier lade grunden för ingenjörsmässigt ramverk för beräkningsstud-
ier av väteinducerade fasomvandlingar. Den teoretiska modellen för denna
studie baseras p̊a fasfältekvationer som beskriver den rumsliga och tidsmäss-
iga utvecklingen av titanhydridfasen. Den numeriska implementeringen
använder finita volymmetoden som beräkningsansats.

Resultaten fr̊an fallstudierna visar att hydridfällning företrädesvis sker i
�-titan nära sprickspetsen och att den numeriska modellen uppvisar hög
numerisk stabilitet med konsekvent konvergens mot ett stationärt tillst̊and.
En annan viktig observation är att den beräkningsmässiga modellen effek-
tivt f̊angar den dominerande inverkan av spänningsintensitetsfaktorn p̊a hy-
dridbildningen, vilket bekräftar robustheten hos den kopplade mekaniska–
fasfältsformuleringen. Vidare visar införandet av lamellär anisotropi under
rotation att modellen bibeh̊aller konvergens, vilket indikerar dess förmåga
att förutsäga spänningsinducerad hydridbildning i titanlegeringar med ut-
ökade anisotropa termer.

Avhandlingens resultat utgör en grund för framtida studier av mer kom-
plexa Ti-6Al-4V-mikrostrukturer, där modellen kan vidareutvecklas för att
undersöka väteinteraktioner under varierande förh̊allanden och material-
parametrar.

Nyckelord: V�atef�orspr�odning, titanhydrid, spricka, fasf�altsteori, sp�annings-
inducerad fasomvandling, mikrostruktur, �nita volymmetoden
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1 Introduction

The element titanium (Ti) is an important metal that is one of the four
most abundant structural metals in the Earth's crust [1]. It plays a signi�-
cant role in numerous �elds of industrial application today, for example in
aerospace, marine technology, and human implants. In these applications,
it is always important to consider the safety and stability of manufactured
components. Taking the aerospace industry as an example, the stability of
components such as engines, wings, and fuselages largely depends on the
materials used, which guarantee the safety of passengers and crew. Tita-
nium and titanium alloys are commonly applied in such applications due
to their exceptional sti�ness, strength, corrosion resistance, and weight-
to-strength ratio [2, 3]. However, components used in these applications
often interact with water or hydrogen-rich substances. When a metallic
component interacts with hydrogen (H), hydrogen embrittlement (HE) can
occur under certain conditions, forming a weakened structure. HE may
occur through mechanisms including hydride formation or other hydrogen-
assisted fracture processes, each of which a�ects titanium performance dif-
ferently. Stress-induced hydride formation (SIHF) is one of the HE mech-
anisms in titanium [4], in which applied or residual stresses promote the
precipitation of hydrides, leading to crack initiation and embrittlement. It
is necessary to be cautious with SIHF because hydrogen atoms are small
interstitial elements that can easily di�use into metals [5], forming brittle
structures and potentially leading to severe consequences, such as sudden
and unpredictable fracture near a crack tip. Studying this issue through
realistic experiments is expensive and time-consuming; therefore, compu-
tational simulation could be an ideal complement to address this problem.

This thesis project is an extension of the stress-induced hydride precipita-
tion studies conducted by Nigroet al. [6, 7, 8], where the studies developed
phase-�eld based engineering tools to study stress-induced precipitation ki-
netics. Nigro et al. (2021) [6] simulated stress-induced precipitation along
phase interfaces in multi-phase metals featuring� / � titanium phases. The
simulation of phase transformation is based on the phase �eld approach
[6], using partial di�erential equations (PDE) that describe the dynamics
of phase transitions. The results show that hydride precipitates form in
the hydrogenated (� + � ) titanium alloy and that their growth slows over
time. Nigro et al. (2018) [7] illustrated how crack tip stresses promote
the hydride formation in metals such as Ti and zirconium (Zr). Nigroet
al. (2019) in the series [8] focuses on simulating the formation of titanium
hydride at a crack positioned grain boundary (GB), investigating hydride
precipitation induced by crack-tip stress. As a result, precipitation of hy-
drides exists in two di�erent con�ned regions: the� / � GB, and the vicinity
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of a crack tip. In the reviewed literature, convergence or mesh sensitivity
cases are generally not addressed; the present thesis examines these aspects
to contribute more completeness to the modeled phenomena.

The present thesis project intends to further investigate the SIHF at the
crack tip of the � / � titanium alloy Ti-6Al-4V, exclusively focusing on the
� -titanium layers, based on mathematical modelling. The objective of this
thesis study is to optimize and analyze the phase �eld model for SIHF
in the � -phase layers of Ti-6Al-4V at a crack tip, with a focus on nu-
merical stability, convergence behavior, and qualitative characteristics of
microstructure evolution of the hydride formation. Several case studies are
carried out using the speci�ed equations, terms, and variables, in which cer-
tain parameters or functions are added or adjusted to investigate whether
the formation of hydrides develops to steady state under the given condi-
tions and to evaluate the numerical stability and consistency of the model
under varying conditions. More importantly, the research questions are:
How do variations in model parameters and equation terms a�ect hydride
formation and numerical stability in this phase-�eld simulation? To what
extent does the proposed phase �eld model produce stable and convergent
results under di�erent simulation con�gurations for hydride formation evo-
lution? The �ndings of these study cases are expected to answer these
questions and contribute to a deeper understanding of the model behavior
and modeling strategies for simulating hydride formation in titanium alloys.

However, like many simulation studies, this thesis study involves several
assumptions, and the results should not be interpreted as direct repre-
sentations of experimental observations. In particular, the limitation of
this study is that it neglects H concentration or H 
ux, instead relying
on phase-�eld variables, which may in
uence the accuracy of the hydride
morphology compared to that of real materials. Alternatively, the model
does not include hydrogen transport kinetics, although hydrogen 
ux may
occur in reality. In this case, the model enables a focused investigation of
stress-driven phase transformation behavior and allows the study of math-
ematical and numerical properties of the phase-�eld formulation. Including
hydrogen di�usion coupled terms would signi�cantly increase both physi-
cal and numerical complexity, leading to a much more complicated system
to solve, which the di�usion rate is not the primarily focus of this study.
Thus, following Nigro et al. (2018) [7], the concept of hydrogen concentra-
tion and transportation is not considered in this thesis. Neglecting hydro-
gen di�usion implies that the hydrogen distribution is assumed uniform,
i.e. hydrogen is su�ciently available so that local precipitation is governed
only by the stress-induced ordering [9, 10], independent from solute trans-
port. Therefore, despite these limitations, the primary focus of this study
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is on the computational aspects of the model, including its mathematical
and numerical stability, as well as its ability to converge to steady state,
which are critical considerations in this type of simulation.

Another limitation of the present thesis is that, compared to Nigroet al. [8],
certain parameters were adjusted in the current implementation. In partic-
ular, the energy barrierP0 and the gradient coe�cient g�� (originally g in
[8]) was explicitly speci�ed, as these values were not fully reported or were
not consistent with the results in the �gures. All such modi�cations are
clearly identi�ed in the corresponding tables to ensure transparency and
reproducibility.

2 Material and microstructure

Titanium exhibits two allotropic crystalline structures, a hexagonal close-
packed (HCP) low temperature� phase and a body-centered cubic (BCC)
� phase (Figure 1(a)). Ti-6Al-4V is a dual-phase alloy that contains both
forms of titanium, where the 6% aluminum stabilizes� -Ti that contributes
to high strength [11], and the 4% vanadium acts as a� stabilizer that
the � phase is stable at room temperature [12]. Colonies of continuous�
parallel lamellae exist near� GBs under certain heat treatment conditions
of the Ti-6Al-4V alloy [13, 14]; the layers consist of repeated parallel�
crystalline plates with thin � in the middle. The microstructure of this
lamellar structure is illustrated in Figure 1(b). This thesis study primarily
focuses on the� -only case.

(a) (b)

Figure 1: (a) The lattice structure of � -Ti and � -Ti; (b) A form of the
� lamellar microstructure of the Ti-6Al-4V alloy under slow cooling rate
[14], exhibiting minimal or no retained� phase in the middle of the layers
(Adapted and recolored from Bocchettaet al. [15], used under Creative
Commons Attribution License (CC BY 4.0 license))
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In addition to the phases of the Ti-6Al-4V alloy, there are also multiple
phases of titanium hydride. Shanet al. [16] illustrate three main types
of titanium hydride formed, namely the face-centered tetragonal (FCT)

hydride, the face-centered cubic (FCC)� hydride and the FCT " hydride,
which exist at room temperature [2]. This study primarily focus on the
formation of � hydride, where the transformation from� -Ti to � -TiH x is
commonly found (0� x � 1:99 wherex = 0 corresponds to pure titanium
(no hydrogen) andx � 1:5 � 1:99 represents non-stoichiometric� phase
[2, 17]). From a volume expansion perspective, it is di�cult to simulate
the � phase and the� phase simultaneously, as these phases undergo dif-
ferent volumetric expansions upon hydride formation. In particular, the
� � � phase transform is complex because the crystal structure transforms
from HCP into FCT with a large deformation ratio [2]. In this study, the
volume expansion of� hydride formation and the � -phase hydride trans-
formation are therefore not explicitly considered, allowing the analysis to
focus on stress-driven hydride formation in� -Ti.

The applied load in titanium and titanium alloys plays a critical role in
shifting the hydrogen solubility limit. The hydrogen solubility varies be-
tween the � and � phases in Ti alloys, the� phase has a much higher
solubility and di�usion rate than the � phase around room temperature
[18]. Due to this characteristic, hydride formation occurs predominantly
along the � / � interfaces and the� / � GBs [19, 20]. These hydride phases
also tend to develop in areas of high-stress concentration, causing the solu-
bility limit to shift [19]. The change of hydrogen solubility brings multiple
e�ects such as volume expansion of the lattice and the change of local elastic
moduli of the alloy [21], thus weakening the performance of the alloy; more-
over, this can trigger nucleation of the hydride phases, most notably� type
phase as mentioned before, within the� matrix or at the phase boundaries
[22]. Under positive hydrostatic stress condition, hydrogen concentration
in local stressed area is also increased [23], more� or " hydride precipitates
and forms a continuous distribution, leading to a signi�cant decrease in
plastic deform and fracture toughness [24]. However, detailed investigation
on H concentration is beyond the scope in this study. The present thesis
focuses on the spatial and temporal evolution of hydride formation, includ-
ing the nucleation and growth of the hydride phase at the mesoscale, rather
than on the physical aspects of hydrogen itself, such as di�usion dynamics
or the transport and sourcing of hydrogen atoms.
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3 Theory

To model the phase transformation from� -Ti to titanium hydride within
the � -titanium lamellar structure, a mathematical framework capable of
capturing the phenomenon is used. The model introduced is the phase �eld
model (PFM), which is well suited for describing interfacial phenomena and
phase transformations in materials systems [25].

3.1 The phase �eld model

The PFM is based on the concept of a phase �eld. The �rst prototype of
phase �eld modeling was derived by Chen & Wang [26, 27], where the local
composition of an alloy and the relationship between the coexisting phases
can be represented as phase variable� . In this case, the PFM is an ideal
method to represent the phases existing within the� -Ti lamellar, where �
ranges from a minimum value to a maximum value (for example -1 to 1)
so it can distinguish the phases. An example is illustrated in Figure 2.

(a) (b)

Figure 2: (a) The sharp interface (b) Smooth interface

In Figure 2(b), the phase �eld diagram illustrates a smooth interface in con-
trast to a sharp interface model (Figure 2(a)). The sharp interface model
demands explicit tracing of the migrating interface in between the phases,
which is extremely demanding for mathematical treatment. Figure 2(b)
has an implicit interface tracking by the phase �eld variable [28]. Between
interfaces, the phase variable constantly changes so the formulation avoids
singularities associated with sharp interfaces.

Accordingly, this thesis adopts the model illustrated in Figure 2(b) due
to the complexity of the morphology of the hydride phase, as well as rep-
resenting the coalescence or splitting of the Ti/Ti-hydride phases [29].
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3.2 The order parameter and the total energy

While PFM is applied in this study, a new problem arises: The phase
variable must capture not only the spatial distribution of phases but also
their temporal evolution during transformation. To achieve this, a time-
dependent order parameter is introduced to describe the local crystal struc-
ture and track the phase transformation. Order parameters can describe
the local state of a system and may be classi�ed as conserved (e.g. compo-
sition or concentration, which evolve via transport) or non-conserved (e.g.
structural or phase variables, which can evolve locally without concentra-
tion conservation) [9, 26].

3.2.1 Non-conserved order parameter

In PFM, the order parameters can also describe the local crystal symmetry
and orientation [30], thus representing the structural relationship between
coexisting phases. They can be in form of vector with two or more com-
ponents, which allows the evolution of crystal structures to be captured
through space{time correlation functions.

Figure 3: Non-conserved order parameter can be used to distinguish be-
tween phases and to track the migration of the interface [31]

An example in Figure 3 illustrates that the order parameter re
ects the
crystal structure and distinguishes by di�erent values of the� components.
In this study, the e�ect of volume expansion is neglected as discussed in
Chapter 2. Therefore, the function of� is used only to distinguish between
phases; it is simpli�ed to a vector with two components. In this case,�
is assigned as� i = ( � 1; � 2) with index notation, where � 1 is assigned to
represent the phase change of titanium/Ti-Hx (�=� ), and � 2 represents the
alloy's �=� crystalline/GB di�erence.
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