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Abstract

We study the design of efficient approximation algorithms for the ℓ-center clustering and
minimum-diameter ℓ-clustering problems in high-dimensional Euclidean and Hamming
spaces. Our main tool is randomized dimension reduction. First, we present a general
method of reducing the dependency of the running time of a hypothetical algorithm for the
ℓ-center problem in a high-dimensional Euclidean space on the dimension. Utilizing this
method in part, we provide (2 + ϵ)-approximation algorithms for the ℓ-center clustering
and minimum-diameter ℓ-clustering problems in Euclidean and Hamming spaces that
are substantially faster than the known 2-approximation algorithms when both ℓ and
the dimension are super-logarithmic. Next, we apply the general method to the recent
fast approximation algorithms with higher approximation guarantees for the ℓ-center
clustering problem in a high-dimensional Euclidean space. Finally, we provide a speed-up
of the known O(1)-approximation method for the generalization of the ℓ-center clustering
problem that allows z outliers (i.e., z input points may be ignored when computing the
maximum distance from an input point to a center) in high-dimensional Euclidean and
Hamming spaces.

Keywords: ℓ2 distance; Euclidean space; Hamming distance; Hamming space; clustering;
approximation algorithm; time complexity

1. Introduction
Clustering is nowadays a standard tool in the data analysis of computational biology,

medical sciences, computer vision, and machine learning. One of the most popular vari-
ants of clustering is the ℓ-center clustering problem and the related minimum-diameter
ℓ-clustering problem in metric spaces (including, among others, Euclidean and Hamming
spaces). Given a finite set P of points in a metric space, the first problem asks for a set of
ℓ points in the metric space, called centers, such that the maximum distance from a point
in P to its nearest center is minimized. The second problem asks for a partition of the
input point set P into ℓ clusters such that the maximum of cluster diameters is minimized.
See Figure 1. Both problems are known to be NP-hard and even NP-hard to approximate
within 2 − ϵ for any constant ϵ > 0 [1].

González provided a simple 2-approximation method for ℓ-center clustering that also
yields a 2-approximation for minimum-diameter ℓ-clustering [1]. Hochbaum and Shmoys
obtained analogous approximation results in a graph-based setting of the ℓ-center problem,
where the input is not merely a set of points in a metric space but an edge-weighted com-
plete graph with weights satisfying the triangle inequality, and censers can be selected only
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among the graph’s vertices. In case of a d-dimensional space, González’s method takes
O(ndℓ) time, where n is the number of input points and d is the dimension. For Euclidean
spaces of bounded dimensions, and more generally, for metric spaces of bounded dou-
bling dimensions, there exist faster 2-approximation algorithms for the ℓ-center problem,
although their running times hide an exponential dependence on the dimension; see [2]
and [3], respectively. There are also several more recent works on speeding up ℓ-center ap-
proximation algorithms in Euclidean spaces by allowing worse approximation guarantees
(e.g., [4–6], and for a bicriteria variant [7]). In particular, trade-offs between approximation
guarantees of the form O(α) and the running times poly(d log n)(n + ℓ1+1/α2

nO(1/α2/3))

and poly(d log n)nℓ1/α2
have been obtained in [5] (in [5], the notation Õ( ) suppresses

poly(d log n) factors) by refining an earlier result from [4].
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Figure 1. Figure (A) presents a minimum diameter 2-clustering of four points in the plane.
Figure (B) presents the 2-clustering of the same points that is induced by an optimal solution to
the 2-center problem for these points. The optimal solution consists of the midpoint of the vertical
segment between the two points on the left-hand side and the midpoint of the horizontal segment
connecting the two points on the right-hand side.

In some of the aforementioned applications of both ℓ-clustering problems, massive
datasets in a high-dimensional metric space combined with a large value of the parameter
ℓ may arise. For instance, in recent combinatorial, clustering-based algorithms for Boolean
n × n matrix multiplication [8] and 0-1 n × n matrix multiplication [9], the rows of the
first matrix and/or the columns of the second matrix are interpreted as points in an n-
dimensional Hamming space. They are subject to an approximate ℓ-center clustering,
where ℓ is merely expected to be sublinear in n. In such situations, neither the O(ndℓ)-time
method nor the algorithms with substantially worse approximation guarantees or time
complexity heavily dependent on d are sufficiently useful.

1.1. Our Contributions

We focus on the design of efficient approximation algorithms for the ℓ-center clus-
tering and minimum-diameter ℓ-clustering problems in high-dimensional Euclidean and
Hamming spaces. First, we present a general method of reducing the dependency of the
running time of a hypothetical algorithm for the ℓ-center problem in a high-dimensional
Euclidean space on the dimension. The algorithm is required to be conservative, i.e., it must
always return centers that belong to the input point set. The method relies on randomized
dimension reduction and almost preserves the approximation guarantee of the original
algorithm. Utilizing this method in part, we provide (2 + ϵ)-approximation algorithms
for the ℓ-center clustering and minimum-diameter ℓ-clustering problems in Euclidean and
Hamming spaces that are substantially faster than the known 2-approximation algorithms
when both ℓ and the dimension are super-logarithmic. Next, we apply the general method
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to the recent fast approximation algorithms with higher approximation guarantees for the
ℓ-center clustering problem in a high-dimensional Euclidean space. Finally, we provide
a speed-up of the known O(1)-approximation method of Charikar et al. [10] for the gen-
eralization of the ℓ-center clustering problem that allows z outliers (i.e., z input points
may be ignored while computing the maximum distance from an input point to a center)
in high-dimensional Euclidean and Hamming spaces [10]. The speed-up is also based
on randomized dimension reduction and the resulting approximation guarantee is only
slightly larger than the original one. See also Table 1 for a summary of our contributions.

Table 1. A summary of speed-ups of approximation algorithms for ℓ-center problems obtained by
randomized dimension reduction presented in this paper. Importantly, the approximation guarantees
for our algorithms hold with high probabilityy forming. The approximation guarantee of 3 for the
ℓ-center problem with outliers in an arbitrary metric space in [10] as well as our guarantee of 3 + ϵ in
a Euclidean or Hamming space are derived with respect to an optimal conservative solution, where
the centers belong to input points. The authors of [10] claim that they can remove this assumption in
case of a Euclidean space.

Problem Metric Approx. Time Complexity Reference

ℓ-center/min-diam. arbitrary 2 O(ndℓ) [1]

ℓ-center/min-diam. Euclid., Ham. 2 + ϵ O(n log n(d + ℓ)/ϵ2) this paper

ℓ-center Euclidean O(α)
poly(d log n)

(n + ℓ1+1/α2
nO(1/α2/3))

[4,5]

ℓ-center Euclidean O(α) Õ(nd/ϵ2 + ℓ1/α2
nO(1/α2/3)) this paper

ℓ-center Euclidean O(α) poly(d log n)nℓ1/α2
[4,5]

ℓ-center Euclidean O(α) Õ(nd/ϵ2 + nℓ1/α2
) this paper

ℓ-center + outliers arbitrary 3 poly(n, d, ℓ) [10]

ℓ-center + outliers Euclid., Ham. 3 + ϵ Õ(n2(ϵ−2 + ℓ)) this paper

1.2. Techniques

Our fast randomized algorithms for approximate ℓ-center clustering and minimum-
diameter ℓ-clustering problems in high-dimensional Euclidean and Hamming spaces are
based on a variant of randomized dimension reduction in Euclidean spaces given by
Achlioptas in [11], together with the observation that the Hamming distance between two
0-1 vectors is equal to their squared ℓ2 distance. The main idea of a randomized dimension
reduction is to provide a uniform random map from a d-dimensional metric space to its k-
dimensional subspace that preserves distances up to 1± ϵ factors, where k = O(log n), with
high probability. Johnson and Lindenstrauss (JL) were first to provide such maps from Rd

to Rk for the ℓ2 norm [12]. The advantage of Achlioptas’ variant of JL dimension reduction
is that such a random map can be generated using only binary random variables [11].

Our main algorithmic tool is the elegant furthest-point traversal method due to
González [1]. Following Charikar et al. [10], in our speed-up of their approximation
algorithm for the ℓ-center problem with outliers, we reduce the approximation task to
finding a specific set cover of the input point set, using at most ℓ sets, each consisting of
input points within a given threshold distance from candidate centers. As [10], we use a
greedy method to find such a set cover for a fixed distance threshold.
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1.3. Paper Organization

The next section contains basic definitions and facts on randomized dimension reduc-
tion. Section 3 presents our general method for reducing the dependence on the dimension.
Section 4 provides our fast (2+ ϵ)-approximation algorithms for the ℓ-center clustering and
minimum-diameter ℓ-clustering problems in high-dimensional Euclidean and Hamming
spaces. Section 5 presents applications of our method from Section 3 to recent fast approxi-
mation algorithms for ℓ-center clustering in high-dimensional Euclidean spaces. Section 6
provides a speed-up of the known greedy O(1)-approximation method for the ℓ-center
clustering problem with outliers in high-dimensional Euclidean space. We conclude with
final remarks.

2. Preliminaries
For a positive integer r, [r] stands for the set of positive integers not exceeding r. The

cardinality of a finite set S is denoted by |S|.
The transpose of a matrix D is denoted by D⊤.
The Hamming distance between two points a, b (vectors) in {0, 1}d is the number of the

coordinates in which the two points differ. Alternatively, it can be defined as the distance
between a and b in the ℓ1 metric over {0, 1}d. It is denoted by ham(a, b). The distance
between two real vectors a, b in the ℓ2 metric is denoted by ||a − b||2.

An event is said to hold with high probability (w.h.p. for short) in terms of a parameter
N related to the input size if it holds with probability of at least 1 − 1

Nα , where α is any
constant not less than 1.

The following fact and corollaries enable an efficient randomized dimension reduction
in high-dimensional Euclidean and Hamming spaces.

Fact 1 (Achlioptas [11]). Let P be an arbitrary set of n points in Rd, represented as an n × d
matrix A. Given ϵ, β > 0, let k0 = 4+2β

ϵ2/2−ϵ3/3 log n. For an integer k ≥ k0, let R be a d× k random
matrix (Rij), where Rij = 1 with probability 1

2 and Rij = −1 otherwise. Let E = 1√
k

AR and let

f : Rd → Rk map the i-th row of A on the i-th row of E. With probability of at least 1 − n−β, for
all u, v ∈ P,

(1 − ϵ)(||u − v||2)2 ≤ (|| f (u)− f (v)||2)2 ≤ (1 + ϵ)(||u − v||2)2.

Since 1 − ϵ ≤
√

1 − ϵ and
√

1 + ϵ ≤ 1 + ϵ for ϵ ∈ (0, 1), we immediately obtain the
following corollary from Fact 1.

Corollary 1. Assume the notation from Fact 1. Suppose that ϵ ∈ (0, 1) and P ⊂ Rd. Then, w.h.p.
for all u, v ∈ P,

(1 − ϵ)||u − v||2 ≤ || f (u)− f (v)||2 ≤ (1 + ϵ)||u − v||2.

Observe that if u, v ∈ {0, 1}d, then ham(u, v) = (||u − v||2)2. Hence, we also obtain
the following corollary from Fact 1.

Corollary 2. Assume the notation from Fact 1. Suppose that ϵ > 0 and P ⊂ {0, 1}d ⊂ Rd. Then,
w.h.p. for all u, v ∈ P,

(1 − ϵ)ham(u, v) ≤ (|| f (u)− f (v)||2)2 ≤ (1 + ϵ)ham(u, v).
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3. Approximate ℓ-Center Clustering in High-Dimensional Spaces
The ℓ-center clustering problem in the Euclidean Rd is defined as follows: given a set P

of n points in Rd, find a set T of ℓ points in Rd that minimizes maxv∈P minu∈T ||v− u||2. The
minimum-diameter ℓ-clustering problem in the Euclidean Rd is defined as follows: given
a set P of n points in Rd, find a partition of P into ℓ subsets P1, P2, . . . , Pℓ that minimizes
maxi∈[ℓ] maxv,u∈Pi ||v − u|||2. The ℓ-center clustering problem could also be termed as the
minimum-radius ℓ-clustering problem. See Figure 1. Both problems are known to be
NP-hard to approximate within 2 − ϵ, where ϵ > 0, in metric spaces [1,13].

González’s simple 2-approximation method for ℓ-center clustering also yields a
2-approximation for minimum-diameter ℓ-clustering [1]. It picks an arbitrary input point
as the first center and repeatedly extends the current center set by selecting an input point
that maximizes its distance from the current center set, until ℓ centers are found. In case
of d-dimensional Euclidean or Hamming space, his method takes O(ndℓ) time, where n is
the number of input points. By forming for each of the ℓ centers, the cluster consisting
of all input points for which this center is the closest one (with ties solved arbitrarily),
one obtains an ℓ-clustering whose maximum cluster diameter is within a factor of two of
the minimum one [1].

Recall that an approximation algorithm for the ℓ-center clustering problem is conserva-
tive if it always returns centers belonging to the input point set. In this section, we present
a general randomized method for decreasing the dependence on d in the running time of a
hypothetical conservative approximation algorithm for the ℓ-center clustering problem in
the Euclidean Rd, using the randomized dimension reduction given in Fact 1.

procedure DIMREDCENTER(ℓ, P, ϵ, SR)
Input: A positive integer ℓ, a set P of points p1, . . . , pn ∈ Rd, n > ℓ, a real ϵ ∈ (0, 1

2 ), and
a conservative approximation subroutine SR for the m-center clustering problem in Rq,
where m ≤ ℓ and q ≤ d.
Output: A set T of ℓ centers of P.

1. Set n to the number of input points and k to O(log n/ϵ2).
2. Generate a random d × k matrix R with entries in {−1, 1}, defining the function

f : Rd → Rk by f (x) = 1√
k

xR (see Fact 1).

3. Compute the values of the function f for each point pi ∈ P, i.e., for i = 1, . . . , n,
compute 1√

k
piR. Also, for i = 1, . . . , n, if the value of f−1 is not yet defined on f (pi)

then set it to pi.
4. Set ℓ′ = min{ℓ, | f (P)|} and compute a set T′ of ℓ′ centers of

f (P) = { f (p1), . . . , f (pn)} by running the subroutine SR for the ℓ′-center clustering
problem on f (P).

5. Set T to { f−1(u′)|u′ ∈ T′}, if ℓ′ < ℓ then extend T by ℓ− ℓ′ arbitrary points in P \ T,
and return it.

By Corollary 1, we immediately obtain the following lemma.

Lemma 1. Assume the notation from Fact 1. Let T be a set of ℓ centers of the input point set P. For
any ϵ > 0, the following inequalities hold w.h.p.:

(1 − ϵ)max
v∈P

min
u∈T

||v − u||2 ≤ max
v∈P

min
u∈T

|| f (v)− f (u)||2,

max
v∈P

min
u∈T

|| f (v)− f (u)||2 ≤ (1 + ϵ)max
v∈P

min
u∈T

||v − u||2.
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Lemma 2. Assume the notation from Fact 1. For any ϵ ∈ (0, 1/2), w.h.p. for all v, u ∈ P, the
following inequalities hold:

(1 − ϵ)|| f (v)− f (u)||2 ≤ ||v − u||2,

||v − u||2 ≤ (1 + 2ϵ)|| f (v)− f (u)||2.

Proof. By the right-hand inequality in Corollary 1, we obtain for any v, u ∈ P, and
ϵ ∈ (0, 1/2), || f (v)− f (u)||2

1+ϵ ≤ ||v − u||2. It follows that || f (v) − f (u)||2 − ϵ
1+ϵ || f (v) −

f (u)||2 ≤ ||v − u||2. Consequently, we obtain the first inequality in this lemma.
Similarly, by the left-hand inequality in Corollary 1, we infer that for any v, u ∈ P,

and ϵ ∈ (0, 1/2), ||v − u||2 ≤ || f (v)− f (u)||2
1−ϵ . This yields ||v − u||2 ≤ || f (v) − f (u)||2 +

ϵ
1−ϵ || f (v)− f (u)||2. Since ϵ ∈ (0, 1/2), the second inequality in this lemma follows.

Lemma 2 immediately yields the following lemma.

Lemma 3. Assume the notation from Fact 1. Let f (P) = { f (p1), . . . , f (pn)}, ℓ′ = min{ℓ, | f (P)|},
and let T′ be a set of ℓ′ centers for the point set f (P) in Rk. For v′ ∈ f (P), let f−1(v′) = pq, where
q = min{i| f (pi) = v′}. For any ϵ ∈ (0, 1/2), the following inequalities hold w.h.p.:

(1 − ϵ) max
v′∈ f (P)

min
u′∈T′

||v′ − u′||2 ≤ max
v∈P

min
u′∈T′

||v − f−1(u′)||2,

max
v∈P

min
u′∈T′

||v − f−1(u′)||2 ≤ (1 + 2ϵ) max
v′∈ f (P)

min
u′∈T′

||v′ − u′||2.

Lemma 4. Assume the notation from Fact 1. If ϵ ∈ (0, 1/2) and the conservative subrou-
tine SR provides an α-approximation, then w.h.p. DIMREDCENTER(ℓ, P, ϵ, SR) returns a
(1 + ϵ)(1 + 2ϵ)α-approximate conservative solution to the ℓ-center clustering problem for P in the
Euclidean Rd.

Proof. Let T1 be an optimal ℓ-center solution to the ℓ-center clustering problem for P ⊂ Rd.
Similarly, let T2 be an optimal ℓ′-center solution to the ℓ′-center clustering problem for
f (P) ⊂ Rk. Next, let r1 = maxv∈P minu∈T1 ||v − u||2, r2 = maxv′∈ f (P) minu′∈T2

||v′ − u′||2.
By Lemma 1, we have (1 − ϵ)r1 ≤ r2 ≤ (1 + ϵ)r1. The procedure first computes
an α-approximate ℓ′-center solution T′ to the ℓ′-center clustering problem for f (P) in
Rk. It follows that maxv′∈ f (P) minu′∈T′ ||v′ − u′||2 ≤ (1 + ϵ)αr1. The procedure returns
T = { f−1(u′)|u′ ∈ T′} extended by ℓ − ℓ′ arbitrary points in P \ T as an approximate
ℓ-center solution to the ℓ-center clustering problem for the input point set P ⊂ Rd.
The second inequality in Lemma 3 implies maxv∈P minu′∈T′ ||v − f−1(u′)||2 ≤ (1 +

2ϵ)maxv′∈ f (P) minu′∈T′ ||v′ − u′||2. We conclude that T yields a (1 + 2ϵ)(1 + ϵ)α approxi-
mation to the ℓ-center clustering problem for P.

Lemma 5. All steps of DIMREDCENTER(ℓ, P, ϵ, SR) except for Step 4 can be implemented in
O((nd log n)/ϵ2) time.

Proof. Step 1 can be done in O(nd) time. Step 2 takes O(dk) = O((d log n)/ϵ2) time.
The preprocessing in Step 3 requires O(ndk), i.e., O((nd log n)/ϵ2) time. Finally, Step 5
takes O(nd) time.

4. Fast (2 + ϵ)-Approximation for ℓ-Center Clustering
In this section, we provide faster randomized (2 + ϵ)-approximation methods for the

ℓ-center clustering and minimum-diameter ℓ-clustering problems in the Euclidean Rd and
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the Hamming space {0, 1}d. These methods are faster than the previously known methods
with approximation guarantee close to 2 when d = ω(log n) and ℓ = ω(log n). Our method
for the Euclidean Rd is obtained by plugging González’s method as the subroutine in the
procedure DIMREDCENTER.

Theorem 1. Let P be a set of n points p1, . . . , pn ∈ Rd, ℓ an integer smaller than n, and let
ϵ ∈ (0, 1/2). The ℓ-center clustering problem for P admits a conservative randomized approxima-
tion algorithm that, with high probability, provides a (2 + ϵ) approximation of an optimal ℓ-center
clustering of P and runs in time O(n log n(d + ℓ)/ϵ2). A slight modification of the algorithm
yields a (2 + ϵ) approximation to an ℓ-clustering of P with a minimum cluster diameter, also with
high probability, and with the same asymptotic running time.

Proof. To prove the first part, we run DIMREDCENTER(ℓ, P, ϵ/8, GO), where GO de-
notes the conservative González’s 2-approximation algorithm for the ℓ-center clustering
problem. By Lemma 4, this yields a (1 + ϵ/8)(1 + 2ϵ/8)2 ≤ (2 + ϵ) approximation of an
optimal solution. Since Step 4 takes O(nℓk) = O((nℓ log n)/ϵ2) time, the entire procedure
can be implemented in O(n log n(d + ℓ)/ϵ2) time by Lemma 5.

To prove the second part, we extend DIMREDCENTER(ℓ, P, ϵ/8, GO) slightly. Let
T′ be the set of ℓ′ centers of f (P) constructed by González’s algorithm in Step 4 of
DIMREDCENTER(ℓ, P, ϵ/8, GO). In Step 5, we additionally form the ℓ′ clusters P1, . . . , Pℓ′
by assigning each point v ∈ P to the center in T′ that is closest to f (v). This extension also
takes O(n log n(d + ℓ)/ϵ2) time. Let s be a point in f (P) \ T′ that maximizes the distance
from T′; denote this distance by r′. Note that each point in f (P) is within distance ≤r′ from
its nearest center in T′, and crucially, any two points in T′ ∪ {s} are at least r′ apart due to
the furthest-point traversal used by González’s algorithm. By Lemma 1, any two points
in the set f−1(T′) ∪ { f−1(s)} are at least r′

1+ϵ/8 apart. Assume that ℓ′ = ℓ. Then the latter
set contains ℓ + 1 points, so at least two of them have to lie in the same cluster in any
ℓ-clustering of P. Consequently, the maximum diameter of a cluster in any ℓ-clustering
of P is at least r′

1+ϵ/8 . On the other hand, the diameter of any cluster Pi is at most 2 r′
1−ϵ/8

by Lemma 1. Consequently, the ratio between the maximum diameter in our ℓ-clustering
Pi. i ∈ [ℓ], and that in a minimum diameter ℓ-clustering is at most 2(1+ϵ/8)

1−ϵ/8 ≤ 2 + ϵ.
To complete the proof note that we may assume, w.l.o.g., that ℓ = ℓ′ w.h.p. Indeed,

we may assume w.l.o.g. that there are at least ℓ+ 1 non-overlapping points in P, since
otherwise, the problem admits a trivial solution. Let t be the minimum distance between
a pair of these ℓ+ 1 non-overlapping points. W.h.p., each pair of f -images of these ℓ+ 1
points is apart at least by (1 − ϵ)t by Corollary 1. We therefore conclude that | f (P)| > ℓ

w.h.p.

Let us recall the definitions of the ℓ-center clustering and minimum-diameter
ℓ-clustering problems in a Hamming space. The ℓ-center clustering problem in the Ham-
ming space {0, 1}d is defined as follows: given a set P of n points in {0, 1}d, find a set
T of ℓ points in Rd that minimizes maxv∈P minu∈T ham(v, u). The minimum-diameter ℓ-
clustering problem in the Hamming space {0, 1}d is defined as follows: given a set P
of n points in {0, 1}d, find a partition of P into ℓ subsets P1, P2, . . . , Pℓ that minimizes
maxi∈[ℓ] maxv,u∈Pi ham(v, u).

To derive a result analogous to Theorem 1 for Hamming spaces, we cannot directly
apply the general method for Euclidean spaces from Section 3. Instead, we use the follow-
ing procedure.
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procedure DIMREDHAMCENTER(ℓ, P, ϵ)

Input: A positive integer ℓ, a set P of points p1, . . . , pn ∈ {0, 1}d, n > ℓ, and a real
ϵ ∈ (0, 1

2 ).
Output: A set T ⊂ P of ℓ centers of P.

1. Set n to the number of input points and k to O(log n/ϵ2).
2. Generate a random d × k matrix R with entries in {−1, 1}, defining the function

f : Rd → Rk by f (x) = 1√
k

xR (see Fact 1).

3. Compute the values of the function f on each point pi ∈ P, i.e., for i ∈ [n], compute
1√
k

piR.

4. Set T to {p1}, and for j ∈ [n] \ {1}, set W1j to (|| f (p1)− f (pj)||2)2

(see Corollary 2).
5. ℓ− 2 times iterate the following three steps:

(a) Find pm ∈ P \ T that maximizes minpq∈T Wqm and extend T to T ∪ {pm}.

(b) For each pj ∈ P \ T, set Wmj to (|| f (pm)− f (pj)||2)2.
(c) For each pj ∈ P \ T, update minpi∈T Wij.

6. Find pm ∈ P \ T that maximizes minpq∈T Wqm and extend T to T ∪ {pm}.

7. Return T.

By the specification of Wij in DIMREDHAMCENTER(ℓ, P, ϵ) and Corollary 2, we
immediately obtain the following lemma.

Lemma 6. Assume the notation from DIMREDHAMCENTER(ℓ, P, ϵ). For i ∈ [n] and j ∈ [n],
the following inequalities hold w.h.p.:

Wij ≤ (1 + ϵ)ham(pi, oj),

(1 − ϵ)ham(pi, pj) ≤ Wij.

Lemma 7. DIMREDHAMCENTER(ℓ, P, ϵ) runs in time O(n log n(d + ℓ)/ϵ2).

Proof. Step 1 can be done in O(nd) time. Step 2 takes O(dk) = O((d log n)/ϵ2) time.
The preprocessing in Step 3 requires O(ndk), i.e., O((nd log n)/ϵ2) time. Step 4 can be done
in O((n log n)/ϵ2) time. Steps 5(a) and 5(c) take O(n) time while Step 5(b) as Step 4 can
be done in O((n log n)/ϵ2) time. Consequently, the whole Step 5 requires O((nℓ log n)/ϵ2)

time. Finally, Step 6 takes O((n log n)/ϵ2) time similarly as Steps 4 and 5(b). It remains to
observe that the overall running time of DIMREDHAMCENTER(ℓ, P, ϵ) is dominated by
those of Step 3 and Step 5.

Theorem 2. Let P be a set of n points p1, . . . , pn ∈ {0, 1}d, ℓ an integer smaller than n, and let
ϵ ∈ (0, 1/2). DIMREDHAMCENTER(ℓ, P, ϵ/5), with high probability, provides a (2 + ϵ)-
approximation of an optimal ℓ-center clustering of P in the Hamming space {0, 1}d in time
O(n log n(d + ℓ)/ϵ2). Its slight modification yields a (2 + ϵ) approximation to an ℓ-clustering of
P with a minimum cluster diameter w.h.p.

Proof. Let T be the set of ℓ centers output by DIMREDHAMCENTER(ℓ, P, ϵ/5). Next, let
r = maxv∈P minu∈T ham(v, u), rw = maxpi∈P minpj∈T Wij, and let pq be a point for which
the latter maximum is achieved. It follows from Lemma 6 that rw ≥ r(1 − ϵ) w.h.p. By
the specification of the procedure DIMREDHAMCENTER and the definition of pq, the
set T ∪ {pq} consists of ℓ+ 1 points such that for any pair pv, pu of points in this set, we
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have Wvu ≥ rw. Consequently, w.h.p. these ℓ + 1 points are at the Hamming distance
at least rw/(1 + ϵ/5) from each other by Lemma 6. Let T∗ be an optimal set of ℓ centers
of P. Two of these ℓ+ 1 points in T ∪ {pq} must share the same nearest center in T∗. It
follows that the Hamming distance from at least one of these two points to its nearest
center in T∗ is at least rw

2(1+ϵ/5) w.h.p. Since rw ≥ r(1 − ϵ/5) w.h.p. by Lemma 6, we infer

that maxpi∈P minpj∈T∗ ham(pi, pj) is at least r 1−ϵ/5
2(1+ϵ/5) w.h.p. Hence, the ratio between the

maximum distance from an input point to a center in T and that to a center in T∗ is at
most 2 1+ϵ/5

1−ϵ/5 ≤ 2 + ϵ by ϵ ≤ 1/2. Together with Lemma 7, this completes the proof of the
first part.

To prove the second part, we can slightly modify DIMREDHAMCENTER(ℓ, P, ϵ/5)
so that it returns a partition of P into clusters Pi, i ∈ [ℓ], where Pi consists of all points
in P whose closest center (in terms of the approximate distances Wij) is the i-th center.
To implement the modification, in Step 5(c), we update not only minpi∈T Wij but also the
identity of the current center pi ∈ T that minimizes Wij. This slight modification does not
affect the asymptotic running time of DIMREDHAMCENTER(ℓ, P, ϵ/5).

The proof of the 2 + ϵ approximation guarantee in the second part proceeds by ar-
guments analogous to those seen in the first part. Consider the ℓ + 1 points identified
in the proof of the first part. Recall that, w.h.p., they pairwise are at least rw/(1 + ϵ/5)
apart. Two of the ℓ + 1 points must share the same cluster in any ℓ-clustering, in par-
ticular, an ℓ-clustering that minimizes the diameter. Hence, the minimum possible di-
ameter is at least rw/(1 + ϵ/5) w.h.p. On the other hand, the diameter of the clusters
Pi. i ∈ [ℓ], induced by the ℓ centers returned by DIMREDHAMCENTER(ℓ, P, ϵ/5) is at
most 2rw/(1 − ϵ/5) w.h.p. by Lemma 6. Consequently, the ratio between the maximum
diameter in our ℓ-clustering Pi. i ∈ [ℓ], and that in a minimum-diameter ℓ-clustering is at
most 2rw/(1−ϵ/5)

rw/(1+ϵ/5) ≤ 2 + ϵ w.h.p., where the final inequality holds for ϵ < 1
2 . This completes

the proof of the second part.

5. Faster O(α)-Approximations for ℓ-Center Clustering
In this section, we shall plug recent fast approximation methods for the ℓ-center

clustering problem in Euclidean spaces into the procedure DIMREDCENTER in order to
decrease the heavy dependence of their running times on the dimension, while worsening
their approximation guarantees only minimally. The following fact is a recent refinement
of an earlier result from [4].

Fact 2 ([4,5]). For α ≥ 1, the ℓ-center clustering problem for a set P of n points in the Euclidean
Rd admits an O(α)-approximation in time poly(d log n)(n + ℓ1+1/α2

nO(1/α2/3)), or alternatively,
in time poly(d log n)nℓ1/α2

.

Importantly, we may assume w.l.o.g. that the O(α)-approximation method in Fact 2
is conservative. Otherwise, we can simply replace the current centers with closest input
points, which increases the distance from any input point to its nearest center by at most
a factor of two. By setting the subroutine SR in DIMREDCENTER(ℓ, P, ϵ, SR) to the
method of Fact 2 and using Lemmata 4 and 5 with ϵ = Ω(1), we can substantially reduce
the dependence of the running time on d.

Theorem 3. For α ≥ 1, the ℓ-center clustering problem for a set P of n points in the Euclidean Rd

admits, with high probability, an O(α)-approximation in time Õ(nd/ϵ2 + ℓ1+1/α2
nO(1/α2/3)), or

alternatively, in time Õ(nd/ϵ2 + nℓ1/α2
).
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6. Fast O(1)-Approximation for ℓ-Center Clustering with Outliers
In the variants of the ℓ-center clustering and minimum-diameter ℓ-clustering prob-

lems with outliers, a given number z of input points may be discarded as outliers when
attempting to minimize the maximum distance to the nearest center or the maximum
cluster diameter [10,14]. Charikar et al. were the first to provide a polynomial-time
O(1)-approximation to the ℓ-center clustering problem with outliers [10]. They used a
greedy method.

Fact 3 ([10]). Given a set P of n points from an arbitrary metric, an integer ℓ ≤ n, and an integer
z, there is a polynomial-time 3-approximation algorithm for the ℓ-center clustering problem with z
outliers in that metric.

In the proof of Fact 3, the authors assume that the optimal solution considered is
conservative (i.e., the centers are input points), but they claim that this assumption can be
removed in case of a Euclidean space while preserving the approximation guarantee.

The general method of dimension reduction given in Section 3 cannot be applied
directly to the ℓ-center clustering problem with outliers. For this reason, we just modify
the original greedy method from [10], using the approximate interdistances based on the
reduction instead of the true distances. In this way, we can significantly speed-up the
greedy method at the cost of slightly increasing the approximation guarantee. In particular,
we can replace an O(n2d) component of the time complexity of the method with Õ(n2).

procedure DIMREDCENOUT(ℓ, P, ϵ, z)
Input: A positive integers ℓ, z, a set P of points p1, . . . , pn ∈ Rd, where n > ℓ, z, a real
ϵ ∈ (0, 1

2 ).
Output: A set T of ℓ centers for a subset of P of cardinality n − z.

1. Set n to the number of input points and k to O(log n/ϵ2).
2. Generate a random d × k matrix R with entries in {−1, 1}, defining the function

f : Rd → Rk by f (x) = 1√
k

xR (see Fact 1).

3. Compute the values of the function f for each point pi ∈ P, i.e., for i = 1, . . . , n,
compute 1√

k
piR.

4. For i, j ∈ [n], compute W ′
ij = || f (pi)− f (pj)||2 and set W ′ to the matrix (W ′

ij).

5. (a) Compute and sort the set B = {W ′
ij|i, j ∈ [n]} ∪ {W ′

ij(1 + 2ϵ)|i, j ∈ [n]}.

(b) By binary search, find the smallest r in the sorted B such that
GREEDY(ℓ, W ′, ϵ, z, r) returns YES.

6. Set T to the set of centers returned by the successful call of GREEDY with the
smallest r.

https://doi.org/10.3390/a19030243

https://doi.org/10.3390/a19030243


Algorithms 2026, 19, 243 11 of 16

procedure GREEDY(ℓ, W ′, ϵ, z, r)
Input: The input parameters ℓ, P, ϵ, z, W ′ = (W ′

ij) are specified as in
DIMREDCENOUT(ℓ, P, ϵ, z); r is a positive real number.
Output: YES if there is an ℓ-center clustering of a (n − z)-point subset of P such that the
maximum ℓ2 distance from a point in the subset to its nearest center does not exceed
3(1 + ϵ)r otherwise NO.

1. For i ∈ [n], compute the set Gi of points pj ∈ P s.t. W ′
ij ≤ r(1 + ϵ) and the set Ei of

points pj ∈ P s.t.W ′
ij ≤ 3r(1 + ϵ). Set S to [n].

2. ℓ times iterate the following block:

(a) Select a set Gj of the largest cardinality among (the not yet selected) sets
Gi, i ∈ S. Select also Ej. Set S to S \ {j}.

(b) Mark the points in Ej and remove the newly marked points from all (the not
yet selected) sets Gi, Ei, for i ∈ S.

3. If the total number of marked points is at least n − z, i.e., |⋃ℓ
i=1 Ei| ≥ n − z, then

return YES along with Ei, i ∈ [ℓ] else output NO.

Lemma 8. If there is a set T of ℓ centers in P ⊂ Rd such that for at least n − z points p ∈ P,
mint∈T ||t − p||2 ≤ r then GREEDY(ℓ, P, W ′, ϵ, z, r) returns YES w.h.p.

Proof. We may assume w.l.o.g. that p1, . . . , pℓ are the centers in the sets Gi, and their
extensions Ei, i ∈ [ℓ], produced by GREEDY(ℓ, P, W ′, ϵ, z, r). Let T = {t1, . . . , tℓ} and for
i ∈ [ℓ], let Ti = {p ∈ P| ||ti − p||2 ≤ r}. Following [10], to prove that the lemma is sufficient
to show induction on i ∈ [ℓ], one can order the sets Ti so that E1 ∪ E2 . . . Ei cover at least as
many points in P as T1 ∪ T2 . . . Ti w.h.p. The proof is obtained by assigning to each point in
the latter set union a distinct point in the former set union.

By the inductive hypothesis, we may assume that the sets T1, T2, . . . , Ti−1 and the
assignment of a distinct point in E1 ∪ E2 . . . Ei−1 to each point in T1 ∪ T2 . . . Ti−1 have been
determined. Suppose that the set Gi intersects some remaining set Tj. Then, Ei covers all
points in Tj not covered by E1 ∪ E2 . . . Ei−1 w.h.p. by Corollary 1. Therefore, we can assign
to each point in Tj not covered by E1 ∪ E2 . . . Ei−1 the point itself. Otherwise, by the greedy
choice of Gi and Corollary 1, Gi and consequently also Ei contain at least as many points
outside E1 ∪ E2 . . . Ei−1 as Tj. Therefore, we can assign to each point in Tj not covered by
E1 ∪ E2 . . . Ei−1 a distinct point in Ei. Consequently, we can further rearrange the order of
the remaining sets Tq, i ≤ q ≤ ℓ, so Tj becomes Ti. Importantly, no point can be doubly
assigned since in the i-th iteration of the GREEDY procedure, the updated sets Ei are
disjoint from the sets Eq, q < i.

Lemma 9. Assume the notation from Lemma 8. GREEDY(ℓ, P, W ′, ϵ, z, r) can be implemented
in Õ(n2ℓ) time.

Proof. In Step 1, we compute representations of the sets Gi, Ei in the form of dictionaries
keeping the indices of the points belonging to these sets. The dictionaries can be formed in
Õ(n2) time. A single iteration of the block in Step 2 takes Õ(n2) time. Hence, the whole
Step 2 takes Õ(n2ℓ) time. Finally, Step 3 can be done in O(n) time.

Lemma 10. DIMREDCENOUT(ℓ, P, ϵ, z) can be implemented in time Õ(n2(ϵ−2 + ℓ)).

Proof. Steps 1–3 are analogous to those in DIMREDCENTER(ℓ, P, ϵ, SR), and hence,
they can be implemented in time O((nd log n)/ϵ2) by Lemma 5. Step 4 takes O(n2k) =
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O((n2 log n)/ϵ2) time. Step 5(a) requires Õ(n2) time. By Lemma 9, Step 5(b) can be done in
Õ(n2ℓ) time. Finally, Step 6 can be completed in O(nd) time.

Theorem 4. Let P be a set of n points in the Euclidean Rd, and let z be a nonnegative integer
smaller than n. Suppose that there is a set T ⊂ P of ℓ centers that is a solution to the ℓ-center
clustering problem for P with z outliers in the Euclidean space, where the maximum distance from
a non-outlier to its closest center in T is at most r. Let ϵ ∈ (0, 1

2 ). In time Õ(n2(ϵ−2 + ℓ)), one
can construct a conservative solution to the ℓ-center clustering problem for P with z outliers in the
Euclidean space such that the maximum distance from a non-outlier to its closest center is at most
(3 + ϵ)r w.h.p.

Proof. Let us run DIMREDCENOUT(ℓ, P, δ, z), where δ is a fraction of ϵ to be specified
later. Note that r = ||pi − pj||2 for some i, j ∈ [n]. Recall also that both W ′

ij and W ′
ij(1 + 2δ)

are considered in the binary search in Step 5 of DIMREDCENOUT(ℓ, P, δ, z). If W ′
ij ≤ r

then r ≤ (1 + 2δ)W ′
ij ≤ (1 + 2δ)r by Lemma 2. Otherwise, we have r ≤ W ′

ij ≤ (1 + δ)r
by Corollary 1. We infer that in the binary search, a value r′ between r and (1 + 2δ)r
is considered. It follows from Lemma 8 that DIMREDCENOUT(ℓ, P, δ, z) produces a
conservative solution, where the maximum distance from a non-outlier to its closest center
is at most (3 + δ)(1 + 2δ)r. This is at most (3 + ϵ)r when δ is set to ϵ

8 .
DIMREDCENOUT(ℓ, P, ϵ/8, z) can be implemented in time Õ(n2(ϵ−2 + ℓ)) by

Lemma 10.

Since a solution to an instance of the ℓ-center clustering problem with outliers can be
easily transformed to a conservative one by at most doubling the distances from non-outlier
points to their closest centers, we obtain the following corollary.

Corollary 3. Let P be a set of n points in the Euclidean Rd, and let z be a nonnegative integer
smaller than n. For an arbitrary ϵ ∈ (0, 1

2 ), the ℓ-center clustering problem for P with z outliers in
the Euclidean space admits, w.h.p., a (6 + ϵ)-approximation in time Õ(n2(ϵ−2 + ℓ)).

By slightly modifying the procedures DIMREDCENOUT and GREEDY, we can ob-
tain analogous theorem and corollary for ℓ-center clustering with outliers in Hamming
spaces. Simply, in the modified procedures, we use as the approximate distance between
points v and u the squared distance || f (v)− f (u)||2 instead of || f (v)− f (u)||2. The asymp-
totic running times of the modified procedures are the same as those of the original ones.
The proof of the approximation guarantee is analogous to that in the Euclidean case. Instead
of Corollary 1, we use Corollary 2 and instead of Lemma 2, its Hamming equivalent. See
Appendix A for details.

Theorem 5. Let P be a set of n points in the Hamming space {0, 1}d, and let z be a nonnegative
integer smaller than n. Suppose that there is a set T ⊂ P of ℓ centers that is a solution to the
ℓ-center clustering problem for P with z outliers in the Hamming space {0, 1}d, where the maximum
Hamming distance from a non-outlier to its closest center in T is at most r. Let ϵ ∈ (0, 1

2 ). In time
Õ(n2(ϵ−2 + ℓ)), one can construct a conservative solution to the ℓ-center clustering problem for P
with z outliers in the Hamming space {0, 1}d such that the maximum Hamming distance from a
non-outlier to its closest center is at most (3 + ϵ)r w.h.p.

Corollary 4. Let P be a set of n points in the Hamming space {0, 1}d, and let z be a nonnegative
integer smaller than n. For an arbitrary ϵ ∈ (0, 1

2 ), the ℓ-center clustering problem for P with z
outliers in the Hamming space {0, 1}d admits, w.h.p., a (6 + ϵ)-approximation in time
Õ(n2(ϵ−2 + ℓ)).
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7. Final Remarks
Relatively recently, Jiang et al. [6] showed that for some problems, including the

ℓ-center clustering problem in Euclidean spaces, there is a randomized dimension reduction
even to a sublogarithmic-size subspace. Such a reduction preserves the optimal value of
the solution within a factor related to the size of the subspace. Following [6], their main
result can be stated informally as follows.

Fact 4 ([6]). For every d, α, ℓ, n, where ℓ ≤ n, there is a random linear map g : Rd → Rt, where
t = O(

log n
α2 + log ℓ), such that for every set P ⊂ Rd of n points, with high probability, g preserves

the value of an optimal solution to the ℓ-center clustering problem within the O(α) factor.

We could replace the variant of JL randomized dimension reduction from [11] in the
general method presented in Section 3 with the enhanced randomized dimension reduction
from [6]. Roughly speaking, this would decrease the asymptotic running time by O(α2)

at the cost of increasing the approximation guarantee by O(α). As the authors of [6] note,
when one is interested in O(1)-approximation and hence α = O(1), then log n

α2 = Ω(log n),
and their method does not yield any improvement in the asymptotic running time. On
the other hand, the randomized dimension reduction from [6] can be advantageous when,
for instance, algorithms of exponential dependence on the dimension are applied in the
target subspace.

Author Contributions: All authors contributed to various parts of the manuscript in ideas, proofs,
and writing, and reviewed it before submission. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. O(1)-Approximation for ℓ-Center Clustering with Outliers
in Hamming Spaces

Our Hamming versions of the procedures DIMREDCENOUT and GREEDY are
as follows.

procedure HAMDIMREDCENOUT(ℓ, P, ϵ, z)
Input: Positive integers ℓ, z, a set P of points p1, . . . , pn ∈ {0, 1}d, where n > ℓ, z, a real
ϵ ∈ (0, 1

2 ).
Output: A set T of ℓ centers for a subset of P of cardinality n − z.

1. Set n to the number of input points and k to O(log n/ϵ2).
2. Generate a random d × k matrix R with entries in {−1, 1}, defining the function

f : Rd → Rk by f (x) = 1√
k

xR (see Fact 1).

3. Compute the values of the function f for each point pi ∈ P, i.e., for i = 1, . . . , n,
compute 1√

k
piR.

4. For i, j ∈ [n], compute W ′′
ij = (|| f (pi)− f (pj)||2)2 and set W ′′ to the matrix (W ′′

ij ).

5. (a) Compute and sort the set B′ = {W ′′
ij |i, j ∈ [n]} ∪ {W ′′

ij (1 + 2ϵ)|i, j ∈ [n]}.

(b) By binary search find the smallest r in the sorted B′ such that
HAMGREEDY(ℓ, W ′′, ϵ, z, r) returns YES.

6. Set T to the set of centers returned by the successful call of HAMGREEDY with the
smallest r.
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procedure HAMGREEDY(ℓ, W ′′, ϵ, z, r)
Input: The input parameters ℓ, P, ϵ, z, W ′′ = (W ′′

ij ) are specified as in
HAMDIMREDCENOUT(ℓ, P, ϵ, z); r is a positive real number.
Output: YES if there is an ℓ-center clustering of an (n − z)-point subset of P such that the
maximum Hamming distance from a point in the subset to its nearest center does not
exceed 3(1 + ϵ)r otherwise NO.

1. For i ∈ [n], compute the set G′
i of points pj ∈ P s.t. W ′′

ij ≤ r(1 + ϵ) and the set E′
i of

points pj ∈ P s.t. W ′′
ij ≤ 3r(1 + ϵ). Set S to [n].

2. ℓ times iterate the following block:

(a) Select a set G′
j of the largest cardinality among (the not yet selected) sets

G′
i , i ∈ S. Select also E′

j. Set S to S \ {j}.

(b) Mark the points in E′
j and remove the newly marked points from all (the not

yet selected) sets G′
i , E′

i , for i ∈ S.

3. If the total number of marked points is at least n − z, i.e., |⋃ℓ
i=1 E′

i | ≥ n − z, then
return YES along with E′

i , i ∈ [ℓ] else output NO.

Lemma A1. If there is a set T of ℓ centers in P ⊂ {0, 1}d, such that for at least n − z points p ∈ P,
mint∈T ham(t, p) ≤ r then HAMGREEDY(ℓ, P, W ′, ϵ, z, r) returns YES w.h.p.

Proof. We may assume w.l.o.g. that p1, . . . , pℓ are the centers in the sets G′
i , and their

extensions E′
i , i ∈ [ℓ], produced by HAMGREEDY(ℓ, P, W ′′, ϵ, z, r). Let T = {t1, . . . , tℓ}

and for i ∈ [ℓ], let Ti = {p ∈ P|ham(t, pi) ≤ r}. As in the Euclidean case, to prove that the
lemma is sufficient to show by induction on i ∈ [ℓ], that one can order the sets Ti so that
E′

1 ∪ E′
2 . . . E′

i cover at least as many points in P as T1 ∪ T2 . . . Ti w.h.p. The proof is obtained
by assigning to each point in the latter set union a distinct point in the former set union.

By the inductive hypothesis, we may assume that the sets T1, T2, . . . , Ti−1 and the
assignment of a distinct point in E′

1 ∪ E′
2 . . . E′

i−1 to each point in T1 ∪ T2 . . . Ti−1 have been
determined. Suppose that the set G′

i intersects some remaining set Tj. Then, E′
i covers all

points in Tj not covered by E′
1 ∪ E′

2 . . . E′
i−1 w.h.p. by Corollary 2. Therefore, we can assign

to each point in Tj not covered by E′
1 ∪ E′

2 . . . E′
i−1 the point itself. Otherwise, by the greedy

choice of G′
i and Corollary 2, G′

i and consequently also E′
i contain at least as many points

outside E′
1 ∪ E′

2 . . . E′
i−1 as Tj. Therefore, we can assign to each point in Tj not covered

by E′
1 ∪ E′

2 . . . E′
i−1 a distinct point in E′

i . Hence, we can further rearrange the order of the
remaining sets Tq, i ≤ q ≤ ℓ, so Tj becomes Ti. Importantly, no point can be doubly assigned
since in the i-th iteration of the HAMGREEDY procedure, the updated sets E′

i are disjoint
from the sets E′

q, q < i.

Lemma A2. Assume the notation from Lemma A1. HAMGREEDY(ℓ, P, W ′′, ϵ, z, r) can be
implemented in Õ(n2ℓ) time.

Proof. is analogous to that of Lemma 9.

Lemma A3. DIMREDCENOUT(ℓ, P, ϵ, z) can be implemented in time Õ(n2(ϵ−2 + ℓ)).

Proof. is analogous to that of Lemma 10.

We also need a Hamming equivalent of Lemma 2.

https://doi.org/10.3390/a19030243

https://doi.org/10.3390/a19030243


Algorithms 2026, 19, 243 15 of 16

Lemma A4. Assume the notation from Fact 1. Suppose that ϵ ∈ (0, 1/2) and P ⊂ {0, 1}d ⊂ Rd.
Then, for all v, u ∈ P, the following inequalities hold w.h.p.:

(1 − ϵ)(|| f (v)− f (u)||2)2 ≤ ham(v, u),

ham(v, u) ≤ (1 + 2ϵ)(|| f (v)− f (u)||2)2.

Proof. By the right-hand inequality in Corollary 2, we obtain for any v, u ∈ P, and

ϵ ∈ (0, 1/2), (|| f (v)− f (u)||2)2

1+ϵ ≤ ham(v, u). It follows that (|| f (v)− f (u)||2)2 − ϵ
1+ϵ (|| f (v)−

f (u)||2)2 ≤ ham(v, u). Consequently, we obtain the first inequality in this lemma.
Similarly, by the left-hand inequality in Corollary 2, we infer that for any v, u ∈ P,

and ϵ ∈ (0, 1/2), ham(v, u) ≤ (|| f (v)− f (u)||2)2

1−ϵ . This yields ham(v, u) ≤ (|| f (v)− f (u)||2)2 +
ϵ

1−ϵ (|| f (v)− f (u)||2)2. Since ϵ ∈ (0, 1/2), the second inequality in this lemma follows.

Proof of Theorem 5. Let us run HAMDIMREDCENOUT(ℓ, P, δ, z), where δ is set to ϵ
8 .

Note that r = ham(pi, pj) = (||pi − pj||2)2 for some i, j ∈ [n]. Recall that W ′′
ij and W ′′

ij (1+ 2δ)

are considered in the binary search in Step 5 of HAMDIMREDCENOUT(ℓ, P, δ, z).
If W ′′

ij ≤ r then r ≤ (1 + 2δ)W ′′
ij ≤ (1 + 2δ)r by Lemma A4. Otherwise, we have

r ≤ W ′′
ij ≤ (1 + δ)r by Corollary 2. We infer that in the binary search, a value r′ between r and

(1+ 2δ)r is considered. It follows from Lemma A1 that HAMDIMREDCENOUT(ℓ, P, δ, z)
produces a conservative solution, where the maximum distance from a non-outlier to its
closest center is at most (3 + δ)(1 + 2δ)r. This is at most (3 + ϵ)r by δ = ϵ

8 .
HAMDIMREDCENOUT(ℓ, P, ϵ/8, z) can be implemented in time Õ(n2(ϵ−2 + ℓ)) by

Lemma A3.
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