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…but sometimes a set of data could be 
viewed as ordered – a sequence

A set of data could be “just a set”…
The relevant properties of a set are:
• The number of different categories.
• The frequency in each category.

Why distinguish between ”set” and 
”sequence”?
Sequence 1 & 2 are identical with respect to 
frequency (=4) and average position (=4.5). 
• Sequence 1: [1, 1, 0, 0, 0, 0, 1, 1]
• Sequence 2: [0, 0, 1, 1, 1, 1, 0, 0]

But they are still different – we need to study their 
distribution.

Using tools from time series 
analysis for analysing

textbook tasks
Petersson, Andrews & Sayers

Examples of data viewed as a sequence

One crucial properties 
of an ordered set is:
• In which order or 

in which position 
an element 
appears.

Students' learning and interaction
• Learning trajectory (Hunt et al., 2016) and 

students' group work (Schoenfeld, 1985; Bergman 
Ärlebäck, 2009) 

• Communication patterns (Hunt & Tzur, 2017).

Textbook properties
• Prerequisites as the order (Fujita, 2001) and first 

appearance (Alajmi, 2012) of learning objects.
• Distance between two learning objects (Li et al., 

2009).
• Progression across grades (Borba & Selva, 2013; 

Ding, 2016).
• Characteristics of tasks (Huntley & Terrell, 2014).
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FoNS
a framework for Foundational 

Number Sense for first year in school

Teachers encourage learners, within the range 0-20, toFoNS Category
Identify, name and write particular number symbols FoNS1. Number recognition
Count systematically, forwards and backwards, from arbitrary 
starting pointsFoNS2. Systematic counting

Understand the one-to-one correspondence between number 
and quantityFoNS3. Number and quantity

Compare magnitudes and deploy language like ‘bigger than’ or 
‘smaller than’FoNS4. Quantity discrimination

Recognise and make connections between different 
representations of numberFoNS5. Different representations

Estimate the magnitude of a set of objects or place a given 
number on empty number lineFoNS6. Estimation

Perform simple addition and subtraction operationsFoNS7. Simple arithmetic
Recognise and extend number patterns, identify a missing 
numberFoNS8. Number patterns

Applying the FoNS to textbook tasks

Foundational Number Sense - The FoNS framework (for year 1 in school)

Each picture comes from a textbook task. 
• For FoNS1, the dice task contains no 

numbers while the other tasks have. For 
FoNS1 this gives a sequence [0, 1, 1].

• For FoNS3, there are objects to count in the 
dice task and clothes hanger task but not in 
the number strip task. For FoNS3 this gives a 
sequence [1, 1, 0].

• In the same way each FoNS component 
gives a separate sequence.
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• The horizontal axis is the order (position) or 
clock-time.

• The vertical axis is the frequency, which here is 
1 (the analysed property is present) or 0 
(absent).

1. Choose data that could be viewed as a 
sequence. 
Here: Textbook content.

2. Divide the data set into well-defined units of 
analysis. 
Here: The series of each task in a textbook.

3. Choose a framework for describing the data.
Here: FoNS.

4. For each unit of analysis, set its datapoint to 
1 (one) for presence and 0 (zero) for absence 
of the property.

Representing the time series
The three sampled tasks could be represented in 
different ways:
• A timeline protocol represents the absence of 

presence of the analysed property by shading or 
colouring (Schoenfeld, 1985; Bergman Ärlebäck, 
2009).

• This presentation uses ones and zeros since it 
opened up for using techniques from timeseries 
analysis. 

Constructing a timeseries 
from content analysis data

Steps in constructing a timeseries

Done!

Mathematical properties of a time series 

Event order axisProperty or level

110FoNS1

011FoNS3

Event order axisProperty or level
FoNS1
FoNS3
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Cumulative graph of more than one timeseries

• One learning goal.
• Several textbooks.

When exploring how one single learning goal 
occurs in several textbooks, each timeseries are 
transformed into cumulative relative frequency.

Cumulative graph of a timeseries

• Several learning goals.
• One textbook.

When exploring how different learning goals 
occur in one single textbook, a cumulative 
representation of absolute frequency is easy.

An example
• For the timeseries [0, 1, 1], the absolute

cumulative frequency is [0, 1, 2]. 

• The graph below shows the eight FoNS
components for the Swedish textbook Eldorado 
as absolute cumulative frequency.

• Interpretation: A plateau in one curve 
corresponds to a sequence of tasks without that 
FoNS.

Cumulative graphs
Using tools from time series 

analysis for analysing exercises in 
textbooks

An example
• For the timeseries [0, 1, 1], the relative 

cumulative frequency is [0, 33%, 67%]. 

• The graph below shows the FoNS3 component 
for three textbooks as relative cumulative 
frequency.

• Interpretation: A “stairs shape” corresponds to 
“repetition” (red curve) and “slope < 45⁰” 
corresponds to “interleaving” (blue curve).
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The mathematics behind moving averages
Moving averages curves show the average of 
relative frequency in a local sequence of tasks.

• The horizontal axis [0%; 100%] corresponds 
to the sequence of tasks from first to last.

• Replace each data point y୨ with the average 
yො୩ of its neighbour points
yො୩ =

ଵ

ଶ୬ାଵ
∑ y୨
୩ା୬
୨ୀ୩ି୬ .

Moving averages graph of a timeseries
• The figure illustrates moving averages in a 

spreadsheet. 
• One property is that the window (width of 

the average) should be chosen to fit the 
research question. A wider window gives a 
smoother curve.

• In timeseries analysis, a wide window 
corresponds to a long memory, and the same 
applies to pedagogy.

A moving average plot for FoNS7 (simple 
arithmetic) 

Interpretation
• The textbook Abacus (green) iterates this 

topic throughout the whole book.
• The textbook Eldorado (blue) has a lot in its 

first half and less in its second half.
• The textbook Singma (red) has a lot in its first 

half and nothing in its second half.

Moving averages graphs 
Using tools from time series 

analysis for analysing exercises in 
textbooks
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Comparing similarity between the same 
content in different texts
The bar graph compares textbooks Abacus & 
Singma.
• The FoNS6 component shows large similarity 

since both books have little of this.
• FoNS1 & 7 show dissimilarity since they are 

differently distributed though having about the 
same relative frequency.

• Good to know: The similarity increases with 
the width of the window; see graph.

Quantifying similarity 
between textbooks

Using tools from time series analysis 
for analysing exercises in textbooks

Determining similarity between data sets in three steps
A broad term for similarity and correlation is measures of association.

1. Measures of association requires that data are in pairs. Content analysis of two different 
lessons or textbooks typically decomposes into different numbers of units of analysis. 

2. Hence there is a need to pick out pairs that matches to each other in order-position (or time-
position). The publication below gives two algorithms for this.

3. Determine the similarity between these data pairs as usual. N.B: Content analysis of rare 
components typically result in lot of zeros (absences, illustrated in graph below). Hence, use 
Euclidean similarity as measure of association since the common Pearson correlation does not 
work well for this case (see publication below for details on this).
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Co-occurrence of different learning goals in the 
same textbook
• The table shows that tasks containing FoNS3 

have some FoNS4 in their neighbourhood
since 𝐹𝑜𝑁𝑆4෣ |𝐹𝑜𝑁𝑆3෣ = 0.45.

• Further, tasks containing FoNS4 have a lot of 
FoNS3 in their neighbourhood since 
𝐹𝑜𝑁𝑆3෣ |𝐹𝑜𝑁𝑆4෣ = 0.84. 
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Co-occurrence of learning 
goals within a textbook

Using tools from time series analysis 
for analysing exercises in textbooks

The figure displays similarity in where FoNS3 and FoNS4 occur. 

1. To measure similarity, use a short moving average window V෢୩ =
ଵ
ଷ(V୩ିଵ+ V୩+ V୩ାଵ). This 

window of width = 3 includes only neighbour tasks.

2. Next, calculate the conditional co-occurrence through 𝑌෠|𝑉෠ = ∑ 𝑉෠௝ ȉ 𝑌௝෡ /∑ 𝑉෠௝
ଶ .

Done!

FoNS4FoNS3
0.841.00FoNS3
1.000.45FoNS4

Note:
• These two values 𝑌෠|𝑉෠ and 𝑉෠|𝑌෠ are 

different since their denominators are 
different.

Applications of co-occurrence of different 
learning goals in the same textbook
• Awareness of co-occurrence of learning goal 

could be supportive in designing purposeful 
textbook tasks and classroom activities. 

• It could measure the complexity of tasks in a 
textbook.

• They could be useful for exploring 
interleaving in textbooks.

• Welcome to suggest and discuss further
possible applications!


